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Solutions of second order differential equations with quadratic polynomials as 
coefficients are studied. By a suitable choice of constants it is shown that there 
exists a solution which is an entire function of exponential type one and such that 
this function and all its derivatives are close-to-convex in the unit disc. By another 
choice of constants we get an entire solution of exponential type ,,/? with gap 
power series such that all odd, or all even, derivatives are close-to-convex in the 
unit disc. 0 1989 Academic Press. Inc. 
1. In this paper we consider extensions of the following theorem of 
R. P. Boas [ 11. 
THEOREM A [ I]. If j( ) 2 is an entire function of exponential type less 
than log 2, and at most a finite number of its derivatives are univalent in D = 
{z, JzI < 1 }, then f(z) is a polynomial. 
An extension to even or odd entire functions is given by G. A. Read [3] 
and to entire functions with some derivatives univalent by S. M. Shah and 
S. Y. Trimble [S-7], and S. M. Shah [S]. 
For theorems of converse type, where an infinite number of derivatives 
off being univalent in D implies that f must be entire, see [4, 71. We 
extend some results proved in [S]. 
We suppose in what follows that the constant coefficients of the differen- 
tial equation (DE) (1.1) are real, and /3, is neither an integer nor zero. 
THEOREM 1. Consider the DE 
z2w” + (boz2 + /?,z) w’ + (yoz2 + y1 z + Y2) w = 0. (1.1) 
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(i) Suppose y2 = 0. Then there exists an entire solution J 
If further 
f(z)= g w”, a,= 1. 
n=O 
(1.2) 
PoGo,rl<o,B1>o,Yo=0, lBolGLY2=0, l?llQ/3,, (1.3) 
then ft f’, f I', . . . are all close-to-convex in D and log M( r, f) N &,l r. 
(ii) Set flI + yz = 0 in DE (1.1). Then there exists an entire solution F: 
Suppose further 
F(z)=z+:fa,z”. 
2 
(1.4) 
BOG% lBol+lrll>o,~l~~0, lPolGLP1>0, IYll~P,P (1.5) 
Then F is of exponential type, log M(r, F) - l/I01 r, and F, F’, F”, . . . are all 
close-to-convex in D. 
THEOREM 2. (i) Suppose in the DE ( 1.1) 
(1.6) 
Then there exists an even entire solution 
f(z)= f anon, a,=l,a,=O. 
tt=O 
Further all odd derivatives f I, f "', . . . are close-to-convex in D and 
log Wr, f) - lyoll'*r. 
(ii) Set fl,+y2=0 in the DE (1.1). Then there exists an entire 
solution F: 
F(z) = z + 5 a,z”. 
2 
Suppose further that 
Po=Y*=~,D*~~,lYol~~,Yo#~. (1.7) 
Then all even derivatives F, F”, F(“‘, . . . are close-to-convex in D and 
log M(r, F) - fyoj “*r. 
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We give in Section 5 some examples where the DE satisfies the condi- 
tions of Theorem 1 or of Theorem 2. Some of these conditions can be 
relaxed. 
THEOREM 3. (i) Suppose in the DE (1.1) 
yo#o,y,=o=~o=y1,p1~1,1yol”*~log(2+fi)=1.31.... (1.8) 
Then there exists an entire solution f: 
f(z)= f a$, a, = 1, a, = 0. (1.9) 
n=O 
Further all coefficients a,, a,, . . . are zero and all odd derivatives f I, f "', . . . are 
univalent in D. Also f is of perfectly regular growth and of type lyol ‘I*. 
(ii) Suppose in the DE (1.1) 
yo#O,p,+Y,=O,Po=Y1=O,p,~1, IYo11’z~log(2+J5). (1.10) 
Then there exists an entire solution F 
F(z)=z+ f a,z”. 
n=2 
F is of perfectly regular growth and of type lyol ‘I*, and F and all even 
derivatives FtZk), k = 1, 2, . . . . are univalent in D. 
Remark. The conclusions of these theorems hold even if l/IO/ = 1 in (1.3) 
and (1.5) and lyol = 2 in (1.6) and (1.7). 
2. Proof of Theorem 1. (i) We use the Alexander theorem [2, p. 91. 
If f (z) = z + C,“= 2 a,z” and the coefficients satisfy 
1>2a,>3a,> ... >na,>(n+l)a,+,> . ..O. 
then f(z) is close-to-convex in D. The same conclusion holds if f  (z) = z + 
XT= 2 a2”--z 2n-1 and 1>3a,>5a,> . ..(2n-1)a2.-,> . ..O. From (1.2) 
and (1.3) we get 
a 
n 
= IBol(n- l)+ lyll a 
n(n+BI- 1) 
n--l3 n 2 2. 
Hence a,,, a,, . . . are all positive. Since 
2a2=(Po+rl)~(l+B1)~’ and a J?L! 
1 1 PI’ 
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a2 is positive and 2a, 6 a,. Nowa,la,-l=(IP~l(~-l)+I~ll)/~(~+B~-l) 
< (n - 1)/n for n > 2. Hence (f(z) -f(O))/f’(O) = (f(z) - ao)/a, is close-to- 
convex in D, and since a, > 0, a 1 > 0 the conclusion for f follows. 
For f(“)(z), consider 
f(k)(Z) -f(k)(O) z* f’” + 2’(O) z" f W+k'(o) 
fck+ "(0) =z+~fCk+L’(o)+ ..’ +,!f’k+,)(o)+ ‘.” 
We prove 
Now 
fck+*)(0) (k+2)! ak+* 
f’k+lJ(0)=(k+ l)!ak+, 
=(k+2)%>0. 
Since 
IPol(k+ I)+ IYII 1 
(k+2)(k+ 1 +&)‘k+2’ 
we get f (k + “(0) > f (k + “(0). Next we show 
(n-1) f (k+W(o) n f (n+@(O) 
(n-l)! f’““‘(0) . ‘2 f’k+l)(o)y 
that is, 
f 
or 
But 
(k+n-I)!&+.-,,, tk-tn)! ak+n 
n-l 
ak+n- 1 (k+n)(k+n- 1 +&)‘k+n 
(2.21 
follows from conditions (1.3). Hence (ftk’(z) -f’“‘(0))lfCk+ “(0) is close- 
to-convex for k = 0, 1, 2, . . . . and so f ‘k’(z) and f(z) and all its derivatives 
W/142/2-9 
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are close-to-convex in D. Further if v(r) denotes the index of the maximum 
term, then from (2.1) we get lim, _ ~ (v(r)/r) = lb01 and log Wr, J‘) - lBol r. 
(ii) Let /?I + yz = 0. Then the indicial equation has one root equal to 
1 and so F(z) =z+CT a,,~” is an entire solution [8]. Now 
a = IPol(n- 11-t IYll 
” (n-l)(ni-/?l) aG’, 
n > 2, 
and so all coefficients are positive. We prove as in (i) that 1 2 2az > 3a, 2 
. . . ana,> . . . and then conclude that F will be close-to-convex in D. For 
Ftk)(z) consider 7 for k> 1 3 
Ftk’(z) - Fck’(0) z* Ftk + “(0) z3 Fck+ 3’(O) 
Fck+ “(0) =Z+2!F’k+1)(0)+3!~(k+1)(o) 
+ . . . . 
We prove first 
dF (k+2)(0) a,+,(k+ 2)! 
‘2! F(k+l)(0)=ak+I(k+ l)!’ 
that is, 
uk+2 (k+ 1) lPol+ IylJ 1 
-zz 
&+I (k+ l)(k+2+pJdk+’ 
This follows since lflOl < 1, (yl 1 Q /?,/2. Next we show that 
n-l (n+k)(o)/$‘(k + “(0) ,< ___ 
(n - l)! 
F(“+“- “(O),/F’k+“(()), 
that is, ak+n la k+n-1 G (n - l)l(k + n). Now ak+n k.tn-I = 
(IPol(k+n-I)+ly,l)/(k+n-l)(k+n+p,), and since //?$<I and 
ly,j ,< /?,/2, the right hand side of the previous step is less than or equal to 
(n - 1 )/(k + n). This shows that F(“)(z), k = 1, 2, . . . are all close-to-convex 
in D. Type (F)= #,l. 
3. Proof of Theorem 2. (i) Let y2 =O. Then the DE (1.1) has an 
entire solution f(z) = CF anz”, a, = 1, a, = 0 [8]. Let 
PO = yi = 0, y. < 0, JyoJ < 2 and PI > 0. (3.1) 
Then 
Y0an-2 hOi an-2 
%= -n(n- 1 +P,)=n(n-l +fl,)’ 
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Hence a,, u2, . . . . a,,, . . . are all positive and a,, u3, . . . are all zero. So 
f(z) = 1 + azz2 + adz4 + . . . + aZnzZn + .. . . 
fis even and not univalent in D. Now 
f’(Z) da4 3 2na2n zn- I 
202 
=r+GZ + . . . +2a,z + ...% 
Since PI 2 0 and (yOl < 2, we get d > a4/a2. Consider, for n 2 3, 
a2n IYOI -= 
a2n-2 2n(2n- 1+pJ 
(3.2) 
Since D, 2 0 and (yo( < 2 we see that the right side of (3.2) is less than or 
equal to (n - 1)(2n - 3)/n(2n - 1). Consequently f’ is close-to-convex in D. 
Consider now, for k > 1, 
f w-yz)= f (p+zpr- l)!ap+2k-lzP 
p=O 
=(2k-1)!a2k~l+o!a2,z+ 
l! 1! ... 
+(2n-1+2k-l)! 
(2n- l)! a2n-1+2k-lZ 
*n-1+ . . . . 
Then 
(2n-1+2n+2W! (2n + 2k)! 
(2n- l)! ac2,+,,-,,Z(2n+ 1) (2n+ lj, a2n+2k. (3.3) 
Since 
a2n + 2k IYOI 
a2n+2k-2 =(2n+2k){2n+2k-l+J,j 
the inequality (3.3) follows from the conditions (3.1). This proves that 
(f (2k- l)(z) - f (2k- "(O))/f (2k)(O) is close-to-convex in D and the proof of 
(i) of Theorem 2 is complete. 
The proof of (ii) is similar. So we only sketch it. Assume the conditions 
(1.7). Then there exists an entire solution F 
co 
F(z) = z + 1 a,z”. 
2 
(3.4) 
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a”=(n-l)(n+j?l)’ 
Since a,, = 0, we get from (3.4) that a, = a4 = . . . = 0 and that 
F(z) = z + a3z3 + a5z5 + . . . . 
Now a3 = ly0(/2(3 + PI), and so 3a3 = 3 IyJ(6 + 2/I,) < 1 since lyOl Q 2 and 
8,30. Similarly (2n+1)a2,+,=(2n+l)(lyola2,-,/2n(2n+l+/?,))< 
(2n - 1) a2n _ r . Hence F is close-to-convex in D. F’ is even, and so we 
consider 
f-“(z) - F”(O) = z + . , . + (2~ - 1 On - 2) 
F”‘(O) 3! a3 a2+ Iz 
b-3 + . . . . 
Now from (3.4), 
(2+1)(2~2)(2n-3)~ 
3! a3 
_ >(2n+1)(2n)(2n-1)a2,+, 
2n I/ 3! a3 
for n 2 2. Hence F” is close-to-convex in D. Similarly F(2k) is close-to- 
convex in D. Also the type of F is Jy,,l 1’2. 
4. Proof of Theorem 3. Let (1.9) be an entire solution of the DE (1.1 
where the coefficients satisfy conditions (1.8). Then 
-YOan-2 
“=n(n- I+/?*)’ 
(4.1 
Hence a, = a3 = a5 = . . =o and f(z) = a, + a2z2 + adz4 + . . + 
a&z’” + -.., which is even and not univalent. 
Consider univalence of f(2n + * ). Now 
(2n+3)! 
2! 2 lac2n+3jl + (2nG4)! 3 la(2n+4)l + ... 
MO la2n+2 
QT 
((2n+2)! (2n+3)(2n+4) 
(2n + 4)(2n + 3 + 8,) 
+(2n+ ‘I! ly I2 Ia2n+21 
(2n + 2)! (2n + 3)(2n + 4)(2n + 5)(2n + 6) 
4! O (2n+4)(2n+6)(2n+5+/?1)(2n+3+#ll)+ ‘.’ 
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GW4-2V la2,+2l 
= (2n + 2)! I%+21 
GP-t2Y bZn+2l 
IYOI lYo12 
i . 2,+7+ .** I 
i 
exp(ly,l “2) + exp( - bol ‘/2j - 2 
2! 1 
since 1 yol ‘I2 < log( 2 + a). 
Hence ft2” + ’ ) (z) is univalent in D. Also by considering lim,, ,(v(r)/r) we 
see that f is of perfectly regular growth and of type lyol 1’2. The proof of (ii) 
is similar and omitted. 
5. We now give some examples. 
(i) z2w”+(-z2+z) w’-w=O. Here /11+y2=0, &,= -1, j?r=l, 
y. = 0 = yr , and y2 = -1. The conditions of Theorem l(ii) are satisfied. One 
solution is 
F(z)=; (6(1 +z)}=z+;zz+ . . . . 
All coefficients are positive, and F and each Fck’ are close-to-convex in D. 
Type(F) = 1. 
(ii) z*w”+(-z’+z) w’+Izw=O. Here y2=0, PO= -1, /.I, = 1, 
y. = 0, and y I = ,I. Choose 0 > ,I 2 - 1. Then the conditions of Theorem 1 (i) 
are all satisfied. A solution is 
All coefficients are positive, and hence f and each j”“’ are close-to-convex 
in D. Further, type(f) = 1. 
(iii) z’w”+zw’-z’w=O. Here po=O, jjI=lr yo=-1, and 
y r = 0 = y2. So all conditions of Theorem 2(i) are satisfied. The solution is 
Type of (f) = lyol I” = 1 and f’, f I”, . . . are close-to-convex in D. 
(iv) Modified Bessel function of order p: I,(w). z’w” + zw’- 
(z2+p2)w=0. Here flo=O, fl,=l, yo= -1, y,=O, and y2= -p2. If we 
take p = 0, the conditions of Theorem 2(i) are satisfied and the solution is 
2n 
lo(z)= f 1 z . 
n=oo2 2 0 
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I, is of type 1, and all odd derivatives rO, I;“, . . . are close-to-convex in D. 
Take p = 1. Then the conditions of Theorem 2(ii) are satisfied and 
II(z)= 5 f l (q2n. 0 n=,n!(n+ l)! 2 
Here F(z) =21,(z). 
(v) Bessel function of order p. z’w” + zw’+ (z’- p*) w = 0. Take 
p=O. Then yz=O=pO=yI, /11=1, and y,,=l. The conditions of 
Theorem 3(i) are satisfied and all odd derivatives of Jo(z) are univalent in 
D. Take p= 1. Then p,,=O, pL = 1, y,,= 1, y1 =O, and y2 = -1, the condi- 
tions of Theorem 3(ii) are satisfied, F(z) =25,(z), and F and all even 
derivatives, FcZk), k = 1, 2, . . . . are univalent in D. 
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